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P(Bn) < P(An) < P(Cy)

o] et mhA o 2 M=l Ao o] oJste]

lim P(A,) = P(A)

n—oo

#A A, 0] 37191 B0 7SR 919] (@)W 2L BHOR B, C, & HolTit 129

B, = A, Cn=C:= ] A
k=1
74 Fehs HA] oAtk B, o A= 41, €, 9 A5 AHEAL (ARt O, = CE SH5t=H,
Aol 27 FE3 A Zot o714 BFedUth) C, o ool &fste] A, 4~7}°4—r°ﬂpr SHA C, € C A2
AA T = 9len=z €, D CRtEre|H Ak d2j9] z € C o tsty
Im,r € A, = Im, V. >m,z € Ay (An237h
= dk >n,z € Ay (choose k = max{m,n})
=z € Up>nAdr =0, (Cn 9] A9
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[m] n=2m
A, =
[2m — 1] n=2m-—1

ek gt A, o] Z7FHAL gashA] a2 A7 FA 5 e

[m] n=2m
B, = C,=N
[m)] n=2m-—1
(Why?) o]4] =N=,_; Cn d& A5tz A2 o947 &

Yl Mol 34 % S5 (@ Folth (0] ZWE WakA o 1.259] ZHo|q BE (>§:—P(~|E = diAsi
% =

fet. gul 2] Bo]5e) wre e okt gol whER BT AL WA FAYE F oA Ut gAMoL
ERZF S ={1,2,3,4,5,6)* F AAEL] e F =290 ot FEPE
_ 12
P(E) = 5] EeF
2 Aol

@WH: A={(i,j) €S:i=1},B={(i,j) € S:j=1}E={(i,j) € S : iji= &5}
Note. P(AN B|E) = 0.

b)vtdl: A= {(i,j) € S:i=1},B={(i,j) €S:i+j=6},E={(i,j) € S :ij= &5}
(dywtl: A={(i,j)€S:i=1},B={(i,j) € S:j=1E={(i,j) € S :ij= &%}
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1 %4
SHEWS X O] FHEERS(cd)E F(z) = P(X < 2) ek

et
1 < X9 — F(xl) < F(.Z‘Q) %7]—)
lim F(z)=0, lim F(z)=1 A Hs
T—r— 00 T—r00
E%F(I+h):F(x) (RLEZ A=)
o] st A& Aol A A o7 A= d o= 919 AHS WSSt & F7FEATHH, Fe REEA|
o] S84 X o] cdf} B 1ol 122 ARe A
o2t 22 pdf fu & 7HA= EEWS U tisto] X = F~1(U) 2 g 2git.
fu(z) =11 ()
o Fle
F~l(u) =inf{y € R: F(y) > u} 0<u<l

A(u)

2 Holgtt}. 99]9] 0 < u < 19 th5}ed limy e F(z) = 10] B2 A(u) # 00]1 lim,_, o F(z) = 00] L2
Au) = ofgf 2 gAlolth. (Why?) wabA] inf A(u) € Ro] & HoHth infA(u) < z <= u < F(z)4<
SHoHA =¥

P(X <z)=P(F ' (U) <z|U ~ fy)
=P(U < F(2)|[U ~ fu)
= F(z) (O0<F(z)<1)

7hEo] Fi= X O] cdfS Q1 & ok WA inf A(u) < 2 <= u < F(z) & F 9] LEZE A& 75t
dHsh= AMd ol

Hid ke Hol7] 9l u < F(x) & FAsHL F7E S7tdaolBR A(u) = Aol o Hr 2 4450 7
2= olr}. webA inf A(u) > @7} AT Wk inf A(u) = 223 71 5HR, F o] @ 2% 440 o5 o]l
e> 00 tste] § > 00] ZA5I] 0 < h < d = F(z+h) < F(z) +e°] A™H3}aL 1 §of tfisto] 515k A - o
o8l = € (@ + 8) 7} 2AI5FA = € A(u) 7} =Bt =,

u< F(z) < F(z)+e

ot ol e > 0] Hiote] u < F(a )+e° FHIER u < F(a). ol Aol u < F(z) & F4T A
Bolrh w2t u > F(z) = inf A(u) >

Note. X = F~1(U) & ] X 9] cdf7} F' Q1 AS AR & AFE A d BE S Tl cdfs da Qe o= RER
8 sampling& Sh= 2 ol A ARg-Sh= Aol
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ol z > M = tx —logz — L(logz)? > Lz-& WE3H= M > 00] EA5H=T|

o0 1 5 oo t
exp | tx —logz — = (logx)* | dz > exp | =z | dx = 0
M 2 M 2

olB & E(efX) = oo o]t}

4 REAS HEL FRAAW AR A AL Gt B2

b ArmE 2 7 F-E o] AWHE 9] perturbationg 715t B L5 A Z}5]A}.

N | =

V2T

flz ) = ! exp (— (logx)Q) (14 Asin(4mlogz)) I (0,00 () -l1<Aa<1

HA 1+ Asin(dmlog z) = RIEA] 9] ha 7HABR f(2; M) & o, Aol ©A] §lo] 4 49 gte 7Hitt. (Z29]
support$l (0,00) HollA) m = 0,1,2,--- of tfjste]

> m 1 * 1 1
exp [ —=(log x sin(4mlog x)dx = exp | my — =y? | sin(4ny)d =logx
/Oxrp((g)>( g ) /_Oomp(yQy>(y)y (y = logz)
2 > 1 1
:exp(@) /_Oomexp<—2z2>sin(47rz)dz (z=y—m)
h(z)

7} A H5h=d] h(z) = odd function(h(—2) = —h(z))©] 1L

|h(2)|dz < / exp | —=22|dz=1
oo oo V2T 2

olRE [T, h(z) = 0°] FHTTE wktA A o] grol] FHsHA fo Ndz = 1015, E(X™) = exp (3°) A&
& 2 9l m}aw RE R4 4E0| e FHEL A7 T2 %7} gle.
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Corr(X,Y) = Corr(Y, Z) = 0.8 ¥ off Corr(X, Z) o] gto =2 7153t Hee?

2 A EYE

n74 g5 uﬂa X o] 7|t gtat Barsgdo] b2 B(X) = p, Var(X) = S & FolAth n x n A FH Ao
fiste] o2 HolAl L.

E(XTAX) = tr(AY) +pu' Ap

& & a, b, cof Hiote] FEHS X, Xo, X3 o] AgStE R oo+ thad Zo] FoliH

rr

f1,2,3(x7 Y, Z) = Ke—(al‘+by+CZ)I(0<a:<y<z<oo)

Fo g KO F2 a,b,c 2 BHSHL, 2AFSELEDST fo31(y, 2[2) & 7oA 2

fi(z )f2|1(y|$)

f1|2(a:|y) Z fl( )f2\1(y|$) (Xl O]/‘K_}_‘)
. fl( )f2|1(y|x) o] &
ffl f2\1 y|x)d:c (X0 94=5)
(a) ol = o, Bl tiste]
hle) = po ;B) (=) M)
f2|1 (y|z) = ( ) 100 yI{01 100}(y)

A ) f1j5(wly)  F8HA 2. Note. kg4 T ofl 04514 ek, o = § = 1 2 3 Fol i F4Uch
(b) %] 444 a, 5] Thshe]

A o fij2(2ly) & FSHA L. Hint. (a), (b) 27 [ fi(z)de = 1-& RIobEQItH, fite 2 & 4 5y
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1
Corr(X, Z) = pfal ot} 9 2]e] A4 a, b, cofl thotoq

Sd(X) 1 08 »p Sd(X) a
Var(@X +bY +cZ) = [a b (] Sd(Y) 0.8 1 08 Sd(Y) b| >0
sd(2) 08 1 sd(2)| |e

hS)

o] A5t Sd(X),Sd(Y),Sd(Z) = 00] oy B2 AP H-L p.s.d.ofoF ghrt. o= Sylvester’s criterion]|
oJstol

1 08 1 108 »p
det >0 det |~ 7 >0 det [0.8 1 08| >0
08 1 p 1
p 08 1
917} E4]0] 7, AXFSHH 0.28 < p < 18 A},
Sylvester’s criterion& 3| ¢t Zo]H T QItt (p = 0.28 9 boundE A 7] O] Al = Aot A e 2 o] g A]
#rol0oJojof 511, ofA] el 0-S 19 7ko &2 Z}zJof gFr). p = 0.28 9] -2 -9H/E (1,-1.6,1)T & JoL]7}..)

[1 1.6 1} 0.8 1 08| |-1.6] =2(p—028>0

p 08 1 1
B p> 0288 A7,
1 08 »p
[1 0 71} 08 1 08| ]0]|=20-p>0
p 08 1 -1
O ZHE p<1& HEL} Sylvester’s criterion §l0] 0.28 < p < 1-& FLol¥ Tt
A E TE= U2 o3 2k 0.28 < p < 1] Histo]
__p—0.64
P 7036

o2 HoJshH 1 < p < 10] AW T FEWS Y 6,8 < N(0,1) ] thato]
X =0.8Y +0.6e

Z=0.8Y +0.6 <p€ +14/1— ,025)

sh £410] poll g a7t B2 shelstolat,
19] FE of 8 HE)
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2
Thg 3} 2 trace trick o}F, o} $-851}. 713, WA 5]71E40] 4] o2 o] unbiased estimatorE 78
=

=3
Al 58T Aol

E(XTAX) = E(tr
(tr(PQ) = tr(QP))

A+ pp’)) E=EXX")-pu")

3
=/ / / fi23(z,y, 2)dzdydz
0 Y
= / / / Ke™ 9 =b%=¢2 2 dydx
0 Y
= / / 5 —ar=by=cy g dydx
0 c
— > T prar— br—cx dx
/0 (b+ c)
(k)
B K
c(b+c)(at+b+e)
21y
K=cb+c)la+b+c)
olaL (k) = [ [, fr2s(x,y, 2)dzdy & FRAGEL G f1 0] o2 g
K
_ _ = —(atbto)z
hi(@) c(b+c) ¢
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o|HE ZARSABAEHS o 9 FOIZ R

faan1(y, 2|x) = JW

Ke—(ax+by+cz)

= ml(z<y<z<m)

c(b+c)
=c(b+c)exp (=bly —z) — c(z — @) [izcy<zcoo) (defined assuming z > 0)
& et
4
OEOEC EEEEEE]
C(a+h) , a— 100 —
PR i e 7 e A T
) R e

a+y 1( x),BJrlOO y—1

f zoty=1(1 — g)f+100-y—14y

I(0,1)@)

o171 SRt AL a7F EeE o] A 2 2 A ZE A cancel'd = ZolH. (5, y & & FE¢tth) o

Yol Bug nest mar glrh. BRE oo olEa}] g Aatoln, 2 9] support U4 48 AT}
10] 5% 935 normalization®] @3t 517] WEolth. 127 Wo| 242 L ARG EUL F4
iz © A2 B e gy o] Aolq 8L a,8 Aelo] a+y, B+ 100 — y S B Bl o 4 9k weA

normalization constantS 2|4 A4 € g7t glon,

T'(a+ 8+ 100)
T(a+y)T(8+ 100 — y)

fi2(zly) = xaﬂ/_l(l - x)5+100—y—11(071)(x)
o FolWe utE & 4 9tk BAE o] HF O] o] 22 Beta(a +y, § + 100 — y) o]tk
(b) Hlo]=7g )& A-&otx] x 7} ZTH FFt F 7] 1L L 2] = cancel 5}

xaflefz/ﬁl,yef:c
fooo xo—le—z/Byye—2dy
1
xa+y—1ef(g+l)w

= T0.00) (%
Jo potv=1e=(511)7 gy 00 (%)

fja(ely) =

I(0700) (I)

o7 Folx| |, ol Yl f1 9] Aol A B o, B Al a+y, 5hr & B Folrh. whbA

a+ty .
fip2(zly) = F(a1+ m (ﬂ Z 1) x”‘*y‘le_(17+1)$1(o,oo)(x)

R o] B2 0] &L Gamma(a +y, 727) o]k
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(@) E(]Y]) < 4000 E[E(Y[X)] = E(Y)

(b)E(Y?) < 400, E(v?3(X)) < +oc o]l T4 v : R — R 2] Fejof] #Agle] Cov(Y —E(Y]X),v(X)) =0
Notel. (a)E Law of iterated expectations 22 Law of total expectationo] 2t F-E2rtt.
Note2. (b)o|Al Y — E(Y]X) 2] expectation2 /4 00|22 -F-EAto] 0 o]gh= A2 AFA 9] expectation©]

0olehe 213t e ojnlolc},

A& 2.3.5

(E(Y?) < +o0d 1) RE 4= 0 : R — R 24 E[(Y — u(X))?] S H42 5t AL u(X) = E(Y|X)o]th
Bk FAH 02, thgo] 4t
E[(Y ~ E(Y]X))*] < E[(Y —u(X))?] (for all u)
E[(Y - E(Y|X))*] = E[Var(Y|X)]

E

) @

Note. D2 X,Y 9] joint distribution®]] A& 7|tigko]1l, @+ X 9] marginal distributiono] 23 7| tijgto|gtx
nyzkst s4o] A,

A 2.3.6

Var(Y) = E[Var(Y | X)] + Var[E(Y | X)]

Note. ©]= Law of total varianceg}1 2=

SET7 (S.F.P) 7t FolA 9le v SHEASE X : § » REO) P42 Ao 5 BESEdsE ne
AEL S - R B5E5 AP RS2 2 5 ek thsls, 2ol 5 194 bt fee] S8usse
v gEoltk. ¢4 mo] dstel

L™P) = {X e R® : E(|X|™) < +oo}

o
1o
N ol
rEL
N
_YE,
>_\
O'\
I3
o E,
9,
—ll:l
H_A
H:l
olrl
g
lo
o
2
(@]
A
=
AN
Va)
e
i)
Q
U
t~
=
oo,
filo
2
+
x9,
)
i)
*
pd v}

L'P)DL*(P) D D L®(P) D {X € R%:3e > 0,Vt € (—¢,¢),E(e"¥) < +o0}

1714 L>*(P) = N7 L™ (P) = & 2440 moment(48)7F EA15he StedsS o JA o= AR 5 9laL,

npz et 4Rk AEAY YTt EActe GERSEL Aol AZbskd "ok g ol AHE YR

25484 0147} EANE 739 BE 240 moment7t EASHAIRE 11 -2 -SR] =t (cf. 2
ojAl m =221 AR Ztolat. =V = L*(P) 2kl 4. V 7} vector space]-> 417 gHelet 4= Qi
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Inner Product Space
V = L*(P) = vector space® ¥ut ojr] 2} inner product space”} ©t}. th-2-3}F ZHo] |22 A 0|5t 4= it}
(X,Y)y =E(XY)

o] YA o] Z A& o] G XY € Vo tsto] E(XQ) E(Y2) < 4009l |XY| < (X2+Y2) o] Astma
E(|XY]) < 4+o000]7] q!ﬁ:o]‘:}. V—norm-& th& i} 7ro] A o= c}.

IX]2 = (X, X)v = E(X?)
Fg41:5 5 RS Vs € §,1(s) = 12 FOJ5hd 12 85120 mut ol V o] 9147} ®c}. = g ok
A1t Foll= Aa] 2.359] A< el AL EA 1138 A B ot
VeV o) BRE y € R 2N A E[(Y — u)?]S HA2 ok AL u = E(Y)o|th. Bt} 2h o=,

E[(Y —E(Y))?] <E[(Y —u)?] (for allu € R)

o] gt} o] A2 inner product space V 2] 1o 2 j| 451 H
Y —EMW)1|} <Y —ul]} (for all u € R)

IY —EX)1 = Var(Y)

=

(V)1 1)y = B(Y) - E(Y) = 09) A 2 918 4= 9lck. maba] v 37k 4Fe] ue] ¥ o 4
E(Y)10]8], 1 4:419] Zo] o] Algo] Var(Y) 2har @t 4 olek. o] 4] X € V& nAsta
Z

X={ZeV:w:R-R Z=voX}

oA71H Z =vo Xt s € Sof tfoto] Z(s) = o(X(5)) 7} HATTHE o2 AT 5 gIek. oS S FA
LA AL Z = o(X) 2 LAt Sk v R - RO| 4ol B £5614) Qs 512t Ao 4 XV 9
I, A PR stk v o] glo]2 sh s el 2349 (b)

YeV,ZeX = (Y —E(Y|X),Z)y =0
o=, A9 235=

= Y —EYIX)[, < Y -2I5
rehzet= {|Y SEYIX)[ = EVar(Y|X)]
o & ola)d 4 gl wEhAl V FzE Aol WE Y oA X of Yed 4=Ao] o] E(Y|X) o], 11 4419
Aol E[Var(Y] X)) k7 2 4 9]
2| 27A] €] storyE T2 H inner product space V oA 2] 2.3.4= 4 A9, A 2] 2.3.62 ojepaletA Ao
3otk (chg 591 8] 21) olef @ story E 91 9109 Aol 9} 91 4215 3 5ol 0w Aol
A J=A o 4 A= Aol X—’,’J YelEE HR] a1 el SN AL

ruS

o] 9]



Dec 29 2022

A

Law of iterated expectations= 9r0 2 Th}A| 2 o] L o

Aot} 7H5d shve] oAl thet 2k

SEHSY(1),Y(0), Z, X & AZstAt o] 7| A Z = binary variable2 0, 1 9] gfeh-S 7F2Itt.

Y =2Y(1)+ (1 - 2)Y(0)

m(X)=P(Z =1|X)
2 A 95t} m(X) > 0 for all X ¥ Conditional independence

(Y(1),Y(0)) L Z|X

e Zwstolat.
F0l Y L Z|X = o] ohr}. ol ok Fof
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zY I zY
2| 5x) = [ (%)
[ 1
=E o) (ZYX)] (E(-]X) HF-ellA
1
—B | B @Yl
1
B | @0 E X))
—E[E(Y(1)|X)] (Z: binaryo] B2 E(Z|X) =
—E(Y(1)

B3 BA: joint mgf (AFHEHAATT)

=082 9 A7 joint mgf= 5ol &

f1,2,3(~r7 Y, Z) = Kei(ax+by+62)l(0<w<y<z<oo)

K=cb+c)la+b+c)

oluff X1, Xy — X1, X3 — Xo= BF 5 YUES Hojeh
Comment. X1, Xo — X1, X3 — X5 9] joint mgfE Al4tsto] =}

= E‘& E]24]-—_E_ ;.11__1_.
a,b, coll gisto] BHEHa X, X, X3 O] AFSFEL o+ U 47*01—r°11]3}

e 2ok

(Law of iterated expectations)

X 453D)

(ZY = ZY (1))

(Z LY(1)|X. %= 243 28)

P(Z = 1|X))

(Law of iterated expectations)
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pdfS 2142 1) supportS YHEA] HAIso} Stk 71 ol

=9| pdfe SuHe T (1)

p* (1 =p)" o1, my(x) Ol T}
name | notation | support | probability density function | moment generating function
= -— n xr nN—=x n
o|FEE B(n,p) {0,1,---,n} ( >p q (pe’ +q)
Binomial 0<p<1 whereg=1—p fort € R
Lo ]TS_LE‘;I_IE Negbin(r p) {7" T + 1 . } = 1 p’r‘qu’r pet '
= [opaLEY ) ) ) r— 1 1 _ qet
Neg. Bin 0<p<1 whereg=1—7p fort < —loggq
B_A)\x t
ol R I Poisson(\) {0,1,---} ' eMe =D
xZ.
Poisson A>0 fort e R
=14 . T n! Ty T ‘ t;
GFEE | Multi(n, (p1, -, pr) ) @ TR RRRRE > piel
! ! =
Multinomial Z?Zl pj=1,p; >0 fort; € R
1
e x Gamma(a, ) (0, 00) OIS po—lp—z/B (1 Bty
Gamma a,B>0 fort < %
I Ta+B) o - (ot B)T(atk
Wk Beta(a, 6) (0.1) a0 E(X") = Haraisin
Beta a,B>0 mgf exists for t € R
H|elo] g T Betabin(n, a, 8) {0,1,--- ,n} ™ F(a&fgggg)ﬁifgiz;w) mgf exists for ¢ € R
Beta Bin a,B>0
1
gl e invGamma(a, 3) (0,00) S g e Bs mgf does not exist
«
Inv. Gamma a, >0
2AAERL L(u, o) (—00, 00) o i — T (1 — ot)D(1 + ot)
Logistic peR o >0 where z = ==£ for—L <t<l1
1 (z—w)? 12,2
At N(s,0%) (~00,00) s i
uxea
Normal peER >0 fort e R
W1 2 1 (logz — p)? k kp+ik?o?
BEIOXRFEE Lognormal(u, o?) (0, 0) ol R E(X") = etttz
o o
Log Norm peR,o>0 HOWEVER mgf does not exist
v+4+1
T (xtl 2\ T2
t—2L ty (—00,0) \/%13(2) (1 + 3;) mgf does not exist
2
Student’s ¢ v>0
EINEEEE:: Weibull(a, 3) (0,0) %x“—le—@/ﬁ)“ E(X*) = BFT(1+ £)
Weibull a, >0 mgf exists if a« > 1
Z]

2. W] 2=0o](Bernoulli), 7] 5HGeometric), A]4~(Exponential), 7}o] Al (x?),

FA|(Cauchy)iZ ZE o] Hol|A]

HL
o

ERIG Ek
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Notes

Parameters

h(x_“

g

Q|+

fxsp,0) =

Eol9, p, 05 Zt7} location, scale parametergtyl F-E2Th % Fof, EFHAY D= §lrh 07" 7} scale parameter?] ¢ 25
05 rate parameterztil F-Ec}. U 2] ¢ AHbA © & shape parametergtyl HEt}.

Gamma Integral

o > 0] thste] et et o] Bolget.

1) =102 n=0,1,-- Y O(n+1) =S < 4 Ak

Beta Integral
a, B> 0] Hfste]

whebA 0,5 > 00] tletel WERE-2 B(a, ) = S 0)

N
N
ox,
®
rok
K
w
Ao

T(d) = 7S B 5= YA Hint. 0 € [0, Z] o] ti5te] w = sin? 6.
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Derivation

X ~ B(n,p) ol t € Rof tfjs}]

X ~ Negbin(r,p) ©]H ge! < 1Y o

> -1 B < /(x—1 B pet \ o= [z —1 B
EtX: te [T roT—T t\T tyz—r _ 1 — get)” tyr—r
@ =3 (1 e =3 (0 e = (725) 2 (5 )) 0 e ee)
=1
X ~ Poisson(A) ©]|H t € R o] ths}o]
> , 6_)\)\3: _ i ()\et)” _ t
E(etX):Zetx " —¢ /\Z 5 — e~ AtAe
=0 =0
X ~ MU-ltl(na (plv' o 7pk:)T)o‘|% t17"' 7tk S Roﬂ EH%]—O%
|
E(et1X1+"'+thk) _ Z et1w1+-"+tk$kx 'nx 'pglcl .. plf:k
1+ txp=n r ke
n! , ,
= X g me e

xp! !
1+ t+ITE=n 1 k

(et 4t )"

X ~ Gamma(a, 3)0|H St <14 o

oo 1 \
E etX :/ etm xaflefga:dx
€= T

~ iy G t>a vt

1

(aJl:,B) (F(a+[3+k))_/0 F(a+ﬁ+k)xa+k_1(1_x)ﬁ_ldx

I(a+ k)(B) Fla+ k)T(B)

=1

e} o] k—th momentE & & & 7 ofzh, t € Roj| tfjshod

XY — 1em1—‘(0‘+5)ma—1 Vs
) = [ gy 4

ez € [0,1] ol A e < elfl o] B2 E(eX) < el o]t}. whatA] mgfrt BE ¢ € Rl thato] EA5k3, A2 1.5.29]] 2] A3 ]

iy = E(XF) o T(a+8) e=tF T(a+k)
E(ex)_’; T ) ;Hr(a+ﬁ+k)
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p ~ Beta(a, §) ©]2L X|p ~ B(n,p)©|H z € {0,--- ,n} | tho}od

PX =x)= /0 15((2 Jl:(?)pa_l(l -p)7! (Z)p‘”(l —p)" "dp
(" F(a+ﬂ) F(Ox+[‘3+n) ot F(a+ﬂ+n) atxz—17q9 _ \B+n—z—1
a <$> L(a)I(B) <F(a+x)1“(6+n—x)> /0 I‘(a—i—x)l"(ﬂ—i—n—x)p (1-p) dp

=1

A o = ¢t € Rof| tfjs}o]

X ~ invGamma(a, 8) ©|®H ¢t > 0] t|5}to]

> 1 ,
E tX _ tx —a—1 54
@)= [ e e e s

Aelz > M = to — (a+1)logz — 5 > o5 WEoh= M > 00] EAsta

> t
/ ez®dx = oo
M

o] B mgfl= ZA|517] 9 =r}. Note. A7UHLIEL o] A k—th momento] A4S a 9} k o] T4 A= o] 9t} a > 00]7]gt

St B}z A o|E] 2wt k—th momentE 7} & o > k o]of git}. o] A%,

E(Xk) _ /OOO xk- F(al)ﬂa x—cz—lefﬂ—lggdaj
_TDla—k) [~ 1
- T(a)p* /0 ]_—‘(a_k)ﬁaka

=1

—(a—k)

1 —L
le™Be dy

X ~ Lyt 0) 01 Jot] < 190 0] = = =28 of efgle] dz = w0l w = rries o] WoH] d = (rfppdz0] B2

—Zz

E(e!¥) = ~ de :/OO t(quUz)eid
(e ) [me U(1+e_z)2 z 7006 (1+e—z)2 Z

1 ot
:eut/ v dw
0 1—w

— "D (1 — ot)T(1 + Jf)/o I( 2

Lot=1(1 _ )l=ot-1g4
1+ 0t)I(1 — Ut)w (1-w) v

=1



Jan 5 2023 el A 1HE AEY

X ~N(p,o?)olHt e RY off 2 = “ L of| tote] dz = Jdzo]H =

o) 5 ga = [ atwron L oostng,
/ 271'0 — o Vor
_ bt ho?t / e o02/2,
[o olIY

=1

X ~ Lognormal(u,o?)o]®H k= 0,1, - of tjs}e]

, oo 1 logz — )2
By = [ o (- ) o
(y—w? _
/ — e ( s ) dy (y = log z)
ohutk?o’ (AFE 2] mgf -G =748 THA] AFe H 2}

Ol Bk 2l ¢ > 09 thate] E(e™Y) = co Y-S H <l o] it
At > 0] t5}e]

Q] Aot 2 =50 2 mefs EAGHA eheth (v — oo 4 ) 1 AR e7L Wkieh) Note. bt upzbrha] 2
k—th moment©] ZAAJ-2 v 9} k O] th49t TS| o] Qlrt. v > 00]7|% HH EE 7L O] = 2|9, k—th momentS 7FA] 27
v > koJoF gt} o] -2, pdf7} even functiono] 22 k7} odd ¥ W] E(X*) = 00]1 k7} evend W z > 0] tfj5}o]

x? vz 1 v

TUTa? R Vg 2V z2(1—2)3

A () < (L
— rF(”)/ z 1+7 dz (pdf and k are even)
vTm ) 0
oT (vt Loy \? vit 1 v .
_ \/7751“2(;))/0 (1—z> (1—2) =2 3 72(1_2)3612 (substitute x by z)
F(VTl) ’“*1/1 b 1
= Vo2 z 2 1—2)"2 'dz
Nz L
= Jﬁ;"(”)yk?lr <k ; 1) r (V g k) (Beta Integral)
2
1 v
2 2

CHA 3 81 B2 EHAIR, o] BE =0l y > £ 1) 745 oI,
X ~ Weibull(e, ) ©

.

15
=S
V
=
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2 2|85}l

E(X*) = / xk%xa_le_(’”/ﬁ)adx = ﬁk/ ZFlee=2dy = gFT (1 + k)
0 [0

0

g gk
ool =9k BE .8 > 0] disto] JPF O}, AOIBRE S| mghrt EAlsH] FIa)AE a > 10]o]of Fo] FeiA Ark
191 9ot € Roj tfato]

o )
E(etX) :/O etxgiaxa—le—(w/ﬁ)adx :/O exp <6t21/a _ Z) dz

Aol 2 > M = 2!/ < §7F s M > 00] st

oo

/ exp (—E) < 00
M 2

o2z mgf7t Bt € Rof| tisto] EARIH. oAl = A2 1.5.29] 2|75}

> k > k
E(etX>:ZE(k‘X; )tk:Z(ﬁkt') F(l-{-s)

k=0 ’ k=0

2t A& 4 ok Ao a = 190 A-gole ft < 191 tofl Histo] mgf7F EAE Zlolot. T1e]al o] 3¢ A2 s atet.

Related Distributions
Bernoulli(p) < B(1, p) p (1 —p) Loy (2) (| 2%©] Bernoulli £ )
Geo(p) < Negbin(1, p) p(1 —p)* Mg, (@) (715} Geometric £ 3)
Exp(B) 4 Gamma(1, 3) 5 w/ﬁl(o o) () (X4~ Exponential & 1)
2 d v 1 —z/2 SRR
X, & Gamma (5,2) FEEEt e o @ CholAE x* 235)
d 1 -
Cauchy(O, 1) =1 ml(,ww) (37) (_:1:’__/\] Cauchy Tr]:_]*.fll_'.)
Unif(0,1) < Beta(1,1) T0.1)() (75 Uniform £.3L)
Generalized Gamma Distribution
name | notation | support | probability density function | moment generating function
O]Iﬂ-:‘ =] 7t Hi p d—1_—(z/B)? E Xk
Generalized Gamma | d,p,3 >0 mgf exists if p > 1

Note. p = 10| 7B 27} 5|31, d = po|H Yo|BEE XV} 5|11, d = 1,p = 20]H YA F Half Normal EXZ (A HEXZE w2
shgw4-0] Azhe A7H7t Bk,
X ~ GG(d,p, ) °I" (d,p, 8 > 0)
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= 7‘]‘?’1—6}0:] k=0,1,2,--- Oﬂ EH%]—Cq

B Bk /o d+k—p (/A" p [z p—1
‘r<d/p>/o /3) e 'ﬂ(ﬁ) e

& o7k p > 10]ehel mgf7h EA4sH}. He}s] p = 1o]ehel @A) The ek el sjgslal ek p > 1o]2kel ¢ € Rof thsto]

tX\ Ootz p d—1_—(z/B)P
]E(6 )—A ewm 6(/)dl'

_ F(;/p) /OO oo (Z)d_p =B % (;)p_ldx
0

i oo (s o)
= — ex tz /P + ——logz— 2| dz
T@p Jo P\ p %

M > 00] A5t z > M o] exp () ?te] Fo] —z/2 He} 2 |t 12| 2

CDF and Sampling Theory
P(X <) = F(z)©]aL U ~ unif(0,1) o]2tx & wff X &} F~H(U) = Ae}s] &2 27F F2 A ¥l 2. pdfollA] BT & Siet. F 9

inverseZ} EA|SHA 1o & ARG a1, EAISHA] F=thH T2 9] generalized versiong AR8-5h= Zlo|t

F~'(u) =inf{y € R: F(y) > u} O<u<l

o8 FolAnR X £ —flog(l - U) 7t AR
&-&. CDFE 53t sampling2 2 A A B2 32 o]
X ~ Gamma(w,0),Y ~ Gamma(3,0)°0]1 X

oo 2
H
Jo
A
kv

Y olH X,Y ¢ joint pdf=

1

_ a=1,8-1,—(z+y)/01 I
f(xvy) F(Q)F(ﬂ)9a+5x Yy € (O,m)(m) (0,00) (y)

2 FOBE g = 2w,y = 2(1 —w) 2 XT3} W = XLJFY ~ Beta(a, f) 942 &S 4~ Qlt.
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o BEATEREL pdfE ¢ 2 UrEhdTH
1 e
d)(ﬂ?) = Tﬂ_eix /21(700,00) (x)
Student’s t &3 pdfe] JHSTH
A7ty > 091 t R o] pdf=
T () 2\ "
2 Fo|2m, k o] thstod
undefined v<k
B(XF) — 0 v>k=2m-—1
L L CR O O
r(z)r(s)
7H 8 EE Bl
Step1. X ~t, 9] EHo}O% lim, s 00 Var( ) =1¢& Hojgt
Step 2. grtet2] A o2 H tha= 22t
2
(r(%57)) =rere @8> 0
Step 3. AARI7E o] Aol A o A& ]85t log () 7F 25344 Hojeh
Step 4. log T'(«x ) T} BE2F0S o] 85t n =2,3, - e e (0,20 thato] The-2 Hofat
I'(n+¢) ;
(n—1) RO <(n+1)
oto] th2-& Hojat
g Tle+3) _
a—oo y/al'(a)

Step 5. 919] A2 o]
lim ft(u) (ZL‘) = (b(l‘)

Step 6. 1AH x € Ro] tfjto] T2 Kojat
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Solution

WA v > 29 Y E(X) = 00] 3

r(i+1r(x-1 1
E(X?) = (2+1) (12, )V:VQV =Y as v — 00
L (3)r(5) 51 v-2
o ggteh. ghH ) o]9] AF o, f > 0 thoto] A H O] FA] FHFE = BG4 o] oot

O
)
=}
ot
-
rlr
oS
1o
>
>
o,
o)
re
1P
o,
|d
il

o,
1o
1o

%) < 2 (logT(a) +logI(8)) 7k A H T

logT' ((1 —t)a+tB) < (1 —t)log(a) + tlog T'(5)

7} A AL 218 4 Utk Comment. 9] 0] € > 00 ko] ZHE (t—e,t+¢) ol &3t/ = n/2™ € (0,1)
& 2 ek 2Rt = n/2m B Aol 919 RE4 0] 4] }%&4% | st ot Ao By
A 011-4-
T AT

olfgt =02 log T 7} B2 R4S & 4+ AUt Step 4= ZmFak0] 2AHA) M 91E AT M -85 Alol7]
_"

T
St of7] M FAISEAL Step 52 Fojd 4= 1tk (ofeltjol 2t FAH o7, M2 thE ¥ a, B HisH]

log'(a) — log I'(5)

S(avﬁ) = a—B

2tal A oJ5hH log I' o] &5/l 2|5to] Y]] a > 1] tfi5to]

log(av — 1) = log F(l;z(i)l) Sla—1l,a) < S <a,a + ;) < S(a,a+ 1) =log F(I?é(;_)l) log o

1

—2log F(;(*)f)
ojlm=z
vami<lets) g
I(a)

2 v L
D) 2777 L
1 = 1i 2 —_ . 1 - — —xz“/2
P ft(u)(l‘) Vg%o VF(%) NG <|: + I/:| \/ﬁe o(x)
—1 —e
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4.1 A ZF9

S AT B 411 (L) WS B HEWS0] o)) D A2 412 (hejY AT B BRSO
RS 23 ko] o A5 SHlskert.

T Y42 BHQ ZEET

m

Ry

Al &I 9} v e o] A

2

X ~ Cauchy(0,1)d i ¥V = leQ o] BHyl?

X &= (—00,00) & support® 7t = gEH 18 P(X € (—00,0) U (0,00)) = 10]31 Z+2+9] open set

~00,0), (0, 00) oM 7 -+ 15 = (P E7P5 811 =7} Aol o} o] oh 3 o] (0,1) <) rhd kel
o

—~

1+.’I)2 1

Atk GASS 242ty o - [0 By o [ 2 Fol Ak, AU |da/dy| = FUEE e 4120

ofste] y = 22 /(1 + 2%) 4 o
v () = i ()| | -2
_ 1 o
(14 22) e
1
/0 —9) (01)(3/)
F(l) i1

upz]aho] support (0,1) & PAIS|FE= A WA ©a; Y o] HELE Beta(1, 1) o] "ot

SECELEL TR SR

X ~NODD WY = X29) BRE? 99 AT =53 Bl el 4128 A8y = A 1)

pdfy (y) = pdfx (z)

webA Y o] RE L Gamma (1,2) 7} Hch St 0] 2L AR 2719 7}o) 1%—5&&} Han 2 ( ) & Lpehd
o} ZHupE I o] 7R (FHEHE E mgf 4] ©] B-S gzsteho] oete] Xy, -, X, N
o] 2t Hx L Gamma (4,2) 7} Btk o] AL A4 27t vl FlolAlFEzo y
t B3I ol F R IO pdf

oA ofl 4233} of| 42.4F AL tZE L FEEO pdf =& 24 HEAL
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A 4.2.28 € 4.2.67}4]

o] BEo| g Rxe} FRES| te]d Hole} WEBE Aol S Ak Zolth. 49 AI7ke] 47 42,29}
423 §ESIAET, A3 £08 W17 S uieith 4To) 4 714 Fa s 8-S T 714 B oty shik He
42207 T2 St & A EA ] Exolrt.

43 AN SAFY EX D44 HF A ER
o 4.3.3 (L8)

B47b p, o ) A G2 Exp(p, 0) & B2] pdfE 7Hth (o > 0)

x—

1 n
f(x) = Eei 7 I(u,oc)(x)

o] A2 WHEE n ol 712 SATAF X1y <+ < X(n) ol H5HA
Z, = 7(X(T)_X(T71)) r=1,---,n

o3 HEAFLEE wEch,

o3 A oJ3hel (W, X(g) = 2 AR 21, - Z, & N 53
A ¥ 17} ok 7] o] oba Betw W 1)

ALEA 7138 AW B2} Hrs ] AR
H7Hs ] 4 o] At 7)zbeo]

Ox

Mo
4 -
i)
ol
)
%

_ X~ o .
X—Xau

Y = Xy < o

o B FolArh AL L u (3, X = LY X0l e > 0) EAZ Y O] AR (null) B At =T 5
olek. Lokt ¢ > 09 ke AAT 4 ek ShA o 43,300 4] A OIg 7, & AHEHH, under Ho,

O]EE X(l) — Mo A Y— X(l) O]_]__l_

271/2
Z:»Lzz 2Z,/(2n —2)

whebA] AT A O] G L Fa(2,2n - 2) 2 Fol Ak,

n

(n—1)Y = ~ F(2,2n —2)
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<] 4.4.3 Note
] 4439] (b) L o 4425 R A Fols|oF & Aol itk (b)) W& Xi, X5 0] 242} normalo] 1
covariance’} 02 W] X, X5 7} A2 =3 o]at= Zo] olt}. covariance”’} 0 o] A2 = o]at= o] AZ.&
X1, X2 7} “jointly” normal wfj A 35}= Aot} o & S0,

X ~N(0,1)

Z~B L

er 5
Y = (-1)%Xx

oI Y ~ N(0,1) ]2 Cov(X,Y) = 0°]AFF X, Y = A & E§]o] ofrt.
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4.1 Multivariate normal distribution - nonsingular case

Recall that the univariate normal distribution with mean p and variance o has density

1

f(2) = (2m0%) "2 expl—5(x — p)o*(x — )}

Similarly, the multivariate normal distribution for the special case of nonsingular covariance
matrix X is defined as follows.

Definition 1. Let p € R? and ¥,.;) > 0. A random vector X € R? has p-variate normal
distribution with mean p and covariance matrix Y if it has probability density function

Fx) = 2n5] S exp |~ (x — )5 (x = )| 1)

for x € RP. We use the notation X ~ N,(u,3).

One may check that f(x) on R? is a joint p.d.f.; i.e. for any x € RP| f(x) > 0 (in fact,
f(x) >0) and [ f(x)dx = 1.
Theorem 1. If X ~ N,(p, X) for ¥ > 0, then

1. Y =%73(X — p) ~ N,(0,1,),

2. XE£¥iY + p where Y ~ N,(0,1L,),

3. E(X) =p and Cov(X) =X,

4. for any fized v € RP | v'X is univariate normal.

5. U= (X —p)EH (X = p) ~x*p)-

Ezample 1 (Bivariate normal). Suppose that two random variables X and Y are jointly
normally distributed, with F(X) = pu,, E(Y) = uy, Var(X) = o%, Var(Y) = 0%, and
corr(X,Y) = p. Write down the joint p.d.f of (X,Y).

Ezxample 2 (Standard multivariate normal distribution). If X ~ N,(0,L,), then X is said to
have the standard multivariate normal distribution.



4.2 Geometry of multivariate normal

The multivariate normal distribution has location parameter ;1 and the shape parameter
> > 0. In particular, let’s look into the contour of equal density

E.={xeR’: f(x)=1co}
—{x € R (x— S x— ) = ). )

Moreover, consider the spectral decomposition of ¥ = UAU’ where U = [uy,...,u,] and
A = diag(A1,...,Ap) with Ay > Xy > ... > A\, > 0. The E,, for any ¢ > 0, is an ellipsoid
centered around p with principal axes u; of length proportional to /A;. If ¥ = I, the
ellipsoid is the surface of a sphere of radius ¢ centered at pu.

As an example, consider the bivariate normal distribution N5(0, X) with

s [ ] = [ e o S ey ]

The location of the distribution is the origin (@ = 0), and the shape (X) of the distribution
is determined by the ellipse given by the two principal axes (one at 45 degree line, the
other at -45 degree line). Figure 1 shows the density function and the corresponding E, for
c=05,1,1.5,2,....

£
i
i

v
>

Figure 1: Bivariate normal density and its contours. Notice that an ellipses in the plane can
represent a bivariate normal distribution. In higher dimensions d > 2, ellipsoids play the
similar role.

Note that the constant ¢ = {(x — )’ S~ (x — p) }/? := dps(p, x) in (2) is the Mahalanobis
distance between x and pu.

4.3 General multivariate normal distribution

The characteristic function of a random vector X is defined as

ex(t) = E(e*X),  for t e RP.



Note that the characteristic function is C-valued, and always exists. We collect some
important facts.

1. ox(t) = @y(t) if and only if X £ Y.
2. If X and Y are independent, then ¢x,v = ¢x(t)py(t).

3. X, = X if and only if vx, (t) = ¢x(t) for all ¢.

An important corollary follows from the uniqueness of the characteristic function.

Corollary 2 (Cramer—Wold device). If X is a p x 1 random vector then its distribution is
uniquely determined by the distributions of linear functions of t'X, for every t € RP,

Corollary 2 paves the way to the definition of (general) multivariate normal distribution.

Definition 2. A random vector X € RP has a multivariate normal distribution if t'X is an
univariate normal for all t € RP.

The definition says that X is MVN if every projection of X onto a 1-dimensional subspace
is normal, with a convention that a degenerate distribution d. has a normal distribution with
variance 0, i.e., ¢ ~ N(c,0). The definition does not require that Cov(X) is nonsingular.

Theorem 3. The characteristic function of a multivariate normal distribution with mean p
and covariance matriz % > 0 is, for t € RP,

1
o(t) = explit’' u — 525'275].
If 3 > 0, then the pdf exists and is the same as (1).

In the following, the notation X ~ N(u,Y) is valid for a non-negative definite . How-
ever, whenever X~! appears in the statement, ¥ is assumed to be positive definite.

Proposition 4. If X ~ Ny(u,Y) and Y = AX + b for Ay, and byxy, then Y ~
N,(Ap+b,ASA').

Next two results are concerning independence and conditional distributions of normal
random vectors. Let X; and Xy be the partition of X whose dimensions are r and s,
r + s = p, and suppose p and X are partitioned accordingly. That is,

X4 U1 Y1 a2
X — ~ N, .
< () )
Proposition 5. The normal random vectors Xy and Xs are independent if and only if
COU(Xl,Xz) = 212 = 0.

Proposition 6. The conditional distribution of Xy given Xo = Xg s

No(p1 4 S12355 (X2 — p2), X11 — S12555 L)



Proof. Consider new random vectors Xj = X; — 21222_21X2 and X5 = Xo,

X* I . S St
X*= S =AX, A=|." 12522 | |
[Xi} {%m I }

By Proposition 4, X* is multivariate normal. An inspection of the covariance matrix of X*
leads that X7 and X3 are independent. The result follows by writing

X, = X!+ 3585 X,

and that the distribution (law) of X; given Xy = x5 is £(X; | Xy = Xg) = L(XI+X1255, Xy |
Xy = X3) = L(X} + Y19X55 X2 | Xy = X3), which is a MVN of dimension 7. O

4.4 Multivariate Central Limit Theorem

If Xy,Xs,... € R are i.i.d. with F(X;) = p and Cov(X) = 3, then

n
1

3K )= M08 s e
j=1
or equivalently, .
WK =)= N(0.3) as oo
where X,, = % 2?21 X;.

The delta-method can be used for asymptotic normality of h(X,) for some function
h : RP — R. In particular, denote Vh(x) for the gradient of h at x. Using the first two
terms of Taylor series,

h(Xn) = h(p) + (VR(1) (X = 12) + Op (X = pill3),
Then Slutsky’s theorem gives the result,

Vi(h(Xy) — b)) = (Vh() V(X — 1) + Op(vi(Xp, — ) (X — 1))
= (Vh(u))'Ny(0,%) as n — oo,
= N (0, (Vh(1))S(Vh(1)))

4.5 Quadratic forms in normal random vectors

Let X ~ Ny(p1, ). A quadratic form in X is a random variable of the form
PP
Y =XAX =) > XX,
i=1 j=1

where A is a p X p symmetric matrix. We are interested in the distribution of quadratic
forms and the conditions under which two quadratic forms are independent.



Example 3. A special case: If X ~ N,(0,1,) and A =1,
P
Y =XAX =X'X =) X7~ *(p).
i=1
Fact 1. Recall the following:
1. A p x p matrix A is idempotent if A? = A.
2. If A is symmetric, then A = I'VAT", where A = diag();) and I" is orthogonal.
3. If A is symmetric idempotent,

(a) its eigenvalues are either 0 or 1,

(b) rank(A) = #{non zero eigenvalues} = trace(A).
Theorem 7. Let X ~ N,(0,0%I) and A be a p X p symmetric matriz. Then

_ X'AX

o2

Y

~ x*(m)
if and only if A is idempotent of rank m < p.

Corollary 8. Let X ~ N,(0,X), where X is positive definite, and A be a p X p symmetric
matriz. Then
Y = X'AX ~ x*(m)

if and only if either i) AY is idempotent of rank m or ii) XA is idempotent of rank m.
Ezample 4. 1f X ~ N,(u, X), where ¥ is positive definite, then (X — p)’S 71 (X — p) ~ x?(p).

Theorem 9. Let X ~ N,(0,I) and A be a p x p symmetric matriz, and B be a k x p matriz.
If BA =0, then BX and X'AX are independent.

Ezample 5 (Normal sampling theory). Let X; ~ N(u,0?) i.i.d. Then

e The sample mean X,, ~ N(p, %2

e The sample mean X,, and the sample variance S? = (n — 1)7!>°" (X; — X,,)? are
independent.

e Moreover, (n — 1)i—§ ~x}(n—1).

Example 6. The residual sum of squares in the standard linear regression has a scaled chi-
squared distribution and is independent with the coefficient estimates.
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Np(p, X) € pdfE 7HAH o= th=3F Zo] Fojxitt.

o) = (det (222) 2 exp | x = )2 )

> ) 9] Cholesky decomposition-g A 2Fgt 4= 911, o]m] Y = 7Y% (X — p) 9]
Ha HeEHS AJZtolH o HePo| B2 Y = ohg 3 &2 pdfE 7H T

fr(y) = fx(x)|det (g;)‘

= fx (u + 21/2y) ‘det 21/2‘

_ 1
= (det (27X)) 12 exp [—QyTy] (det 2)1/2 (det X > 0)

B 1
= (2m) 7"/ * exp [—QyTy}

L 12
e = o))

o V2

et Y o] BEl @go] 00] 1 Bito] I, 9l AR,
a7 Qo] o] HE ¢ € RY o] dj}ol

N
ki

FAFEEO|T P BE N, (1, 5) ©] mgfS

E(etTX) ) (etT(quEl/?Y))

o ()

1
= etT“/ (27) 7P/ exp {thl/zy — 2yTy} dy
RP

1
_ etTu+%tT2t/ (27.‘.)—1)/2 exp [—2ZTZ] dz (z=y— (El/Q)Tt)
RP
=1
o] ARTeh. Wt Tole mgis ot #i B3, X of BRI Haro] 247t DL AT 4 ok o
mgfE AH8-51HH X 7} zero eigenvalues ol o|4F 7FA] = degenerate case®]| thal| A = ThAFAFE LS 4 9]

& e otk o] Bg-ollE pdf7F EAISHA] ket P oo v € RP oF ¢t € R tfsto]
]E(et"TX) =E (e(t")TX) = exp {(tv)—ru + ;(tv)TZ(tv)]
= exp {t(vTu) + %tQ (VTEV):|

7H okt ol YHF ATHEE N(v u, v Ev) © mgfet 25 & 4 Qlek. whebA A8 B2
~ v Ev)7F A3 8. pd£ 2] Proposition 4 GA] e =20 2 89l 7l
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X, P\ 2| [ Bar oo

qhoF 31, = 00]8H X4, X, 9] joint mgf= marginal mgf E9] FOo 2 245 4~ gl o
SHolth 1241 oy > 091 Aol dojgrast

o2 X, Xo = A2

Xi= X;-X535,X,

X3 = X,

7512} Proposition 40f ]sto] 7o) Al4tE F5f

* X3 M1 —
X:[ ; NNP( )

X5
olt}. o] 7] A Schur complement matrix 211.5 = 213 — 215355, 5o 2 A o) H ) wheha] X =
E3) X;|X5 9] conditional distribitiong % 4~ 1t}
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THE A X9} ZholAl g2 X

A A|7re]| 8.pdf Q] Theorem 75 E| 971%] (FHIgF o 2) Zrg ottt o 7] A= Example 58 A0 H T = 3t}
Example 59| 7% %2575} 42-9] ohn o) A ek A Rme] 24 glo] AMe ARz e] mgf BAlgt

il

7kA 1 o]u] Fr gt v Qlet.
.
X BN o) A RS X = [X; o X, | o H5to] X ~ Ny (i, 0°T,) 7 22 ofmlo]ch. Zhebeh 1)
Proposition 49]] 2]},
1
lz —1TX N< 1%1,“71T 1, 71 >
n
2
=N <Ua U) (1;Lrln = ’I’L)
n
olinxnPF A =1, — £1,1, o] tha}e]
L xTAx
(n - 1 - 0_2 Z = ?X
1
= (X = pln) T AX = pily) (1,A=0)
~x%(n—1) (X — pl, ~ N,(0,0%I,)©] 11, Theorem 7 Z-&)

olt}t. o] 7] A real symmetric idempotent (i.e, projection) matrixQl A =1, — %lnlz 9] rank: tracee} o n
E2n—-198 g & & olek vprge 2, X, 7t 52 o] 5342 Theorem 92 K& 818 = 9lt}. (Theorem
9+ Proposition 52 F-E A-2 Zlo|t})

Note. 11,17 = J#-57F R oA 1,, M€ 9] (one-dimensional) span Y& FALG 5= AP AAfolct. Hat
oty 2t -5AM (identity map)ol| 4] o] AHS-2 wll A = 1,, HlE] 9] span®] 2] W oJ-5-7F (orthogonal complement)

1, ={xeR":1 xfO}

=2 14/\}01 oH= A 03/\} Jolot. HEF A AFAMS P 7 HALY (projection)d H Q@ FHZ AL real sym-



